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• Problem 2 (Pb.2): Phase-switch in one of  the two datasets

• Augmented Extended Kalman Filter (AEKF) estimation
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CASE STUDY – 2 EXPERIMENTAL DATASETS

• 2 Experimental Datasets: Constant feeding after initial batch-phase

• Problem 1 (Pb.1): Disturbance in biomass measurements due to stirring changes

• Problem 2 (Pb.2): Phase-switch in one of  the two datasets

• Augmented Extended Kalman Filter (AEKF) estimation

• Can known process information be used to selectively adapt EKF covariance matrices so that the estimator 
remains reliable under measurement disturbances and unmodelled biological changes?

Adaptive AEKF (AAEKF), i.e 
(𝑄𝑄𝑘𝑘 ,𝑅𝑅𝑘𝑘) ≠ (𝑄𝑄0,𝑅𝑅0) in general

State and parameter estimation with 
AEKF



MODEL

𝑑𝑑�x(𝑡𝑡)
𝑑𝑑𝑑𝑑

=

𝑉̇𝑉
𝑋̇𝑋
𝑆̇𝑆
̇𝐶𝐶𝑂𝑂2

=

𝐹𝐹𝑖𝑖𝑛𝑛 − 𝐹𝐹𝑜𝑜𝑢𝑢𝑢𝑢

−
𝐹𝐹𝑖𝑖𝑖𝑖
𝑉𝑉

𝑋𝑋 + 𝜇𝜇𝑚𝑚𝑚𝑚𝑚𝑚
𝑆𝑆

𝐾𝐾𝑠𝑠 + 𝑆𝑆
𝑋𝑋 − 𝑘𝑘𝑑𝑑𝑋𝑋

𝑆𝑆𝑖𝑖𝑖𝑖 − 𝑆𝑆
𝐹𝐹𝑖𝑖𝑖𝑖
𝑉𝑉
− 𝜇𝜇𝑚𝑚𝑚𝑚𝑚𝑚

𝑆𝑆
𝐾𝐾𝑠𝑠 + 𝑆𝑆

𝑋𝑋
𝑌𝑌𝑋𝑋𝑋𝑋

−𝐶𝐶𝑂𝑂2𝑄𝑄 + 𝜇𝜇𝑚𝑚𝑚𝑚𝑚𝑚
𝑆𝑆

𝐾𝐾𝑠𝑠 + 𝑆𝑆
𝑋𝑋

𝑌𝑌𝑋𝑋𝑋𝑋𝑂𝑂2



AUGMENTED MODEL

𝑑𝑑x(𝑡𝑡)
𝑑𝑑𝑑𝑑

=

𝑉̇𝑉
𝑋̇𝑋
𝑆̇𝑆
̇𝐶𝐶𝑂𝑂2
̇𝜇𝜇𝑚𝑚𝑚𝑚𝑚𝑚
̇𝑌𝑌𝑋𝑋𝑋𝑋𝑂𝑂2
̇𝑌𝑌𝑋𝑋𝑋𝑋

=

𝐹𝐹𝑖𝑖𝑛𝑛 − 𝐹𝐹𝑜𝑜𝑢𝑢𝑢𝑢

−
𝐹𝐹𝑖𝑖𝑖𝑖
𝑉𝑉

𝑋𝑋 + 𝜇𝜇𝑚𝑚𝑚𝑚𝑚𝑚
𝑆𝑆

𝐾𝐾𝑠𝑠 + 𝑆𝑆
𝑋𝑋 − 𝑘𝑘𝑑𝑑𝑋𝑋

𝑆𝑆𝑖𝑖𝑖𝑖 − 𝑆𝑆
𝐹𝐹𝑖𝑖𝑖𝑖
𝑉𝑉
− 𝜇𝜇𝑚𝑚𝑚𝑚𝑚𝑚

𝑆𝑆
𝐾𝐾𝑠𝑠 + 𝑆𝑆

𝑋𝑋
𝑌𝑌𝑋𝑋𝑋𝑋

−𝐶𝐶𝑂𝑂2𝑄𝑄 + 𝜇𝜇𝑚𝑚𝑚𝑚𝑚𝑚
𝑆𝑆

𝐾𝐾𝑠𝑠 + 𝑆𝑆
𝑋𝑋

𝑌𝑌𝑋𝑋𝑋𝑋𝑂𝑂2
0
0
0



AEKF

�𝑥𝑥𝑘𝑘
𝑝𝑝 = 𝑓𝑓 �𝑥𝑥𝑘𝑘−1

f ,𝑢𝑢𝑘𝑘−1
𝑃𝑃𝑘𝑘

p = F𝑘𝑘−1𝑃𝑃𝑘𝑘−1
f F𝑘𝑘−1𝑇𝑇 + 𝑄𝑄𝑘𝑘

𝐾𝐾𝑘𝑘 = 𝑃𝑃𝑘𝑘
p 𝐻𝐻𝑘𝑘𝑇𝑇 𝐻𝐻𝑘𝑘𝑃𝑃𝑘𝑘

p 𝐻𝐻𝑘𝑘𝑇𝑇 + 𝑅𝑅
−1

�𝑥𝑥𝑘𝑘
f = �𝑥𝑥𝑘𝑘

𝑝𝑝 + 𝐾𝐾𝑘𝑘(𝑦𝑦𝑘𝑘 − h( �𝑥𝑥𝑘𝑘
𝑝𝑝 ))

𝑃𝑃𝑘𝑘
f = (I − 𝐾𝐾𝑘𝑘𝐻𝐻𝑘𝑘)𝑃𝑃𝑘𝑘

p 𝐼𝐼 − 𝐾𝐾𝑘𝑘𝐻𝐻𝑘𝑘 𝑇𝑇 + 𝐾𝐾𝑘𝑘R𝐾𝐾𝑘𝑘𝑇𝑇

𝐻𝐻𝑘𝑘 = dh( �𝑥𝑥𝑘𝑘
𝑝𝑝 )

dx𝜔𝜔𝑘𝑘~ 𝒩𝒩(0, Q)

Update step

F𝑘𝑘 =
𝑑𝑑𝑑𝑑 �𝑥𝑥𝑘𝑘

f ,𝑢𝑢k
𝑑𝑑x

Prediction step



CASE STUDY – BLOCK SCHEME PB.1

State and parameter estimation with 
AEKF

Adaptive AEKF (AAEKF), i.e 
(𝑄𝑄𝑘𝑘 ,𝑅𝑅𝑘𝑘) ≠ (𝑄𝑄0,𝑅𝑅0) in general

𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆
𝑉𝑉
𝑋𝑋
𝐶𝐶𝑂𝑂2 AEKF

AAEKF
𝑅𝑅𝑋𝑋(k) ≠ 𝑅𝑅𝑋𝑋(0)

Delayed and 
sparse

measurements: S

Disturbance:
Stirring rate

�𝑥𝑥𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎(𝑘𝑘)

�𝑥𝑥𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎(𝑘𝑘)



EVENT-BASED MEASUREMENT NOISE INFLATION

• Keep model simple

• Inflate 𝑅𝑅𝑘𝑘𝑋𝑋 whith significant stirring actuation jumps, Δ𝑁𝑁𝑘𝑘 > 𝜃𝜃𝑁𝑁

• 𝑅𝑅𝑘𝑘𝑋𝑋 = 𝑅𝑅0𝑋𝑋 1 + 𝛾𝛾 �𝑘𝑘, 𝑘𝑘 , where the amplification function 𝛾𝛾 �𝑘𝑘, 𝑘𝑘 is defined as 

• 𝛾𝛾 �𝑘𝑘, 𝑘𝑘 + 𝑖𝑖 = �
𝛾𝛾𝑠𝑠𝑠𝑠

1−𝑒𝑒−𝛼𝛼 �𝑘𝑘−𝑖𝑖

1−𝑒𝑒−𝛼𝛼�𝑘𝑘
, 𝑖𝑖𝑖𝑖 𝑖𝑖 ≤ �𝑘𝑘

0, 𝑖𝑖𝑖𝑖 𝑖𝑖 > �𝑘𝑘
, 

where 𝛾𝛾𝑠𝑠s is the amplification gain (on at iteration 𝑘𝑘), 𝛼𝛼 the decaying velocity and �𝑘𝑘 the number of  
iterations where the amplification is on (i.e. �𝑘𝑘 = 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟( Δ𝑁𝑁𝑘𝑘 ∗ ᴪ), where ᴪ is a conversion factor 
from stirring increase to iterations  where the function is on).



EVENT-BASED MEASUREMENT NOISE INFLATION

• 𝛾𝛾 �𝑘𝑘, 𝑘𝑘 + 𝑖𝑖 = 𝛾𝛾𝑠𝑠s
1−𝑒𝑒−𝛼𝛼 �𝑘𝑘−𝑖𝑖

1−𝑒𝑒−𝛼𝛼�𝑘𝑘
, 𝛾𝛾𝑠𝑠𝑠𝑠 = 9, �𝑘𝑘 = 40.

• Chosen 𝛼𝛼 = 0.1, 𝛾𝛾𝑠𝑠𝑠𝑠 = 9.
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SMOOTHED BIOMASS ESTIMATES – A2

𝑇𝑇𝑇𝑇 = �
k

|𝜇𝜇max(𝑘𝑘) − 𝜇𝜇max(𝑘𝑘 − 1)| TVrel =
TV

max(𝜇𝜇max) − min(𝜇𝜇max)



Stirring change detection

SMOOTHED BIOMASS ESTIMATES – B2



SMOOTHED BIOMASS ESTIMATES – B2



�𝑥𝑥𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎(𝑘𝑘)

CASE STUDY – BLOCK SCHEME PB.2

State and parameter estimation with 
augmented extended Kalman filter 
(AEKF)

Adaptive AEKF (AAEKF), i.e 
(𝑄𝑄𝑘𝑘 ,𝑅𝑅𝑘𝑘) ≠ (𝑄𝑄0,𝑅𝑅0) in general

𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆
𝑉𝑉
𝑋𝑋
𝐶𝐶𝑂𝑂2 AEKF

AAEKF
𝑄𝑄𝜇𝜇𝑚𝑚ax(k) ≠ 𝑄𝑄𝜇𝜇𝑚𝑚ax(0)Gate logic:

𝑟𝑟 ≤ 1 ∩ 𝜇𝜇𝑜𝑜𝑜𝑜𝑜𝑜 ≤ 𝜇𝜇𝑜𝑜𝑜𝑜 ∩
Dk ≥ 𝐷𝐷𝑜𝑜𝑜𝑜 ∩ ̇𝐷𝐷𝑘𝑘 ≥ 𝑑𝑑𝑑𝑑𝑚𝑚𝑚𝑚𝑚𝑚

∩ Dk > 𝐷𝐷𝑜𝑜𝑜𝑜𝑜𝑜

�𝑥𝑥𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎(𝑘𝑘)

Delayed and 
sparse

measurements: S



𝑄𝑄𝑘𝑘
𝜇𝜇𝑚𝑚𝑚𝑚𝑚𝑚 TERM ADAPTATION

Combine available information to detect unmodelled stop growth

Infere quality of bacteria status by using:

• �𝝁𝝁𝒎𝒎𝒎𝒎𝒎𝒎 as the cell life status quality detector, must have good estimate of it (AEKF)

• 𝝁𝝁𝒐𝒐𝒐𝒐𝒐𝒐 = 𝜇𝜇 𝑆𝑆 = 𝜇𝜇𝑚𝑚𝑚𝑚𝑚𝑚
𝑆𝑆

𝑆𝑆+𝑘𝑘𝑆𝑆
can be empirically observed from  𝜇𝜇𝑜𝑜𝑜𝑜𝑜𝑜 =

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
�𝑋𝑋

+ 𝑘𝑘𝑑𝑑 + 𝐹𝐹𝑖𝑖𝑖
V

, 

• 𝑪𝑪𝑶𝑶𝟐𝟐 as a growing detector sensor



𝑄𝑄𝑘𝑘
𝜇𝜇𝑚𝑚𝑚𝑚𝑚𝑚 TERM ADAPTATION

• If  𝝁𝝁𝒐𝒐𝒐𝒐𝒐𝒐 ≤ 𝝁𝝁𝒐𝒐𝒐𝒐 (e.g. 𝜇𝜇𝑜𝑜𝑜𝑜 = 0.05ℎ−1), stopped growth might happen

• Difference between 𝜇𝜇𝑚𝑚𝑚𝑚𝑚𝑚 and 𝜇𝜇𝑜𝑜𝑜𝑜𝑜𝑜 when 𝑆𝑆 ≈ 0. 𝜇𝜇𝑜𝑜𝑜𝑜𝑜𝑜 is analytical but not always a good
indicator of growth/no growth (when bacteria do not grow might be for unknown conditions, not 
because 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 is too little)

• Need for another indicator (when 𝑆𝑆 ≈ 0): 𝑟𝑟 = 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑
𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠

• 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 = 𝑋𝑋 𝜇𝜇𝑜𝑜𝑜𝑜𝑜𝑜
𝑌𝑌𝑋𝑋𝑋𝑋

,                           𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 = 𝐹𝐹𝑖𝑖𝑖𝑖
𝑉𝑉

𝑆𝑆𝑖𝑖𝑖𝑖 − 𝑆𝑆

• If  𝒓𝒓 ≤ 𝟏𝟏 ∩ 𝝁𝝁𝒐𝒐𝒐𝒐𝒐𝒐≤ 𝝁𝝁𝒐𝒐𝒐𝒐, bacteria should grow as they have enough sugar. If  they don’t, they have 
stopped growing for some other unmodelled reason.



𝑄𝑄𝑘𝑘
𝜇𝜇𝑚𝑚𝑚𝑚𝑚𝑚 TERM ADAPTATION

• 𝐶𝐶𝑂𝑂2 as a growing detector sensor. Idea: compare �𝐶𝐶𝐶𝐶2 with an healthy growth baseline 𝐶𝐶𝑂𝑂2
𝑟𝑟𝑟𝑟𝑟𝑟

• 𝐶𝐶𝑂𝑂2𝑘𝑘
𝑟𝑟𝑟𝑟𝑟𝑟 = 𝜆𝜆𝐶𝐶𝑂𝑂2𝑘𝑘−1

𝑟𝑟𝑟𝑟𝑟𝑟 + 1 − 𝜆𝜆 �𝐶𝐶𝐶𝐶2𝑘𝑘−1

• Define a normalized drop as Dk =
𝐶𝐶𝑂𝑂2𝑘𝑘

𝑟𝑟𝑟𝑟𝑟𝑟−�𝐶𝐶𝐶𝐶2𝑘𝑘
𝐶𝐶𝑂𝑂2𝑘𝑘

𝑟𝑟𝑟𝑟𝑟𝑟

• Define derivative of the drop (to ignore short drifts) as ̇𝐷𝐷𝑘𝑘 ≈
𝐷𝐷𝑘𝑘−𝐷𝐷𝑘𝑘−1

𝑇𝑇𝑆𝑆
(better calculated over a 

smoothed window)

• Turn on when Dk ≥ 𝐷𝐷𝑜𝑜𝑜𝑜 ∩ ̇𝐷𝐷𝑘𝑘 ≥ 𝑑𝑑𝑑𝑑𝑚𝑚𝑚𝑚𝑚𝑚 (𝑑𝑑𝑑𝑑𝑚𝑚𝑚𝑚𝑚𝑚 is a min threshold change)

• Turn off when Dk ≤ 𝐷𝐷𝑜𝑜𝑓𝑓𝑓𝑓, (𝐷𝐷𝑜𝑜𝑜𝑜𝑜𝑜< 𝐷𝐷𝑜𝑜𝑜𝑜).



𝑄𝑄𝑘𝑘
𝜇𝜇𝑚𝑚𝑚𝑚𝑚𝑚 TERM ADAPTATION

• When all conditions for adapting the term 𝑄𝑄𝑘𝑘
𝜇𝜇𝑚𝑚𝑚𝑚𝑚𝑚 are on (𝑟𝑟 ≤ 1 ∩ 𝜇𝜇𝑜𝑜𝑜𝑜𝑜𝑜 ≤ 𝜇𝜇𝑜𝑜𝑜𝑜 ∩ Dk ≥ 𝐷𝐷𝑜𝑜𝑜𝑜 ∩

̇𝐷𝐷𝑘𝑘 ≥ 𝑑𝑑𝑑𝑑𝑚𝑚𝑚𝑚𝑚𝑚 ∩ Dk > 𝐷𝐷𝑜𝑜𝑜𝑜𝑜𝑜)

• Inflate 𝑄𝑄𝑘𝑘
𝜇𝜇𝑚𝑚𝑚𝑚𝑚𝑚 using an increasing function

• 𝑄𝑄𝑘𝑘
𝜇𝜇𝑚𝑚𝑚𝑚𝑚𝑚 = 𝑄𝑄0

𝜇𝜇𝑚𝑚𝑚𝑚𝑚𝑚 1 + 𝜑𝜑 �𝑘𝑘,𝑘𝑘 , where the amplification function is defined as 

• 𝜑𝜑 �𝑘𝑘, 𝑘𝑘 + 𝑖𝑖 = �
𝜑𝜑𝑠𝑠𝑠𝑠

1−𝑒𝑒−𝛽𝛽 𝑖𝑖

1−𝑒𝑒−𝛽𝛽�𝑘𝑘
, 𝑖𝑖𝑖𝑖 𝑖𝑖 ≤ �𝑘𝑘

0, 𝑖𝑖𝑖𝑖 𝑖𝑖 > �𝑘𝑘
, 

𝜑𝜑𝑠𝑠𝑠𝑠 is the amplification gain (on at iteration 𝑘𝑘), 𝛽𝛽 the damping factor and �𝑘𝑘 the number of  
iterations to reach the maximum amplification.



𝑄𝑄𝑘𝑘
𝜇𝜇𝑚𝑚𝑚𝑚𝑚𝑚 TERM ADAPTATION

• 𝜑𝜑 �𝑘𝑘, 𝑘𝑘 + 𝑖𝑖 = 𝜑𝜑𝑠𝑠𝑠𝑠
1−𝑒𝑒−𝛽𝛽 𝑖𝑖

1−𝑒𝑒−𝛽𝛽�𝑘𝑘
,𝜑𝜑𝑠𝑠𝑠𝑠 = 9, �𝑘𝑘 = 40.

• Chosen 𝛽𝛽 = 0.9, 𝜑𝜑𝑠𝑠𝑠𝑠 = 1999.



CASE A2 



CASE A2 



CASE A2 – NO PHASE CHANGE



CASE B2 – PHASE CHANGE



CASE B2 – PHASE CHANGE



CASE B2 – PHASE CHANGE



NIS ANALYSIS

𝑁𝑁𝑁𝑁𝑆𝑆𝑋𝑋 𝑘𝑘 =
𝑣𝑣𝑋𝑋 𝑘𝑘 2

𝑆𝑆𝑋𝑋,𝑋𝑋(𝑘𝑘)
=

(𝑧𝑧𝑋𝑋(𝑘𝑘) − 𝐻𝐻𝑋𝑋 �𝑥𝑥𝑋𝑋 𝑘𝑘 𝑘𝑘 − 1 )2
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NIS ANALYSIS
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mean of  1 and upper bound of  3.8415 (i.e. 
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NIS ANALYSIS

In both A2 and B2, the 𝑁𝑁𝑁𝑁𝑆𝑆𝑋𝑋 for AAEKF  
has more consistency with the theoretical 
mean of  1 and upper bound of  3.8415 (i.e. 
95th percentile of  a chi-square distribution 
with one degree of  freedom).

% of passed discrete points w.r.t. 𝑵𝑵𝑵𝑵𝑺𝑺𝑿𝑿

Reactor A2 Reactor B2

AEKF 96.82 95.28

AAEKF 99.82 99.04
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FINAL REMARKS
• Selective adaptation of  𝑅𝑅𝑋𝑋 and 𝑄𝑄𝜇𝜇𝑚𝑚ax  improved estimator behavior under measurement disturbance and 

biological phase change

• Advantages: 
• keep model simple
• reduction of NIS spikes for X and TV for 𝜇𝜇𝑚𝑚ax(Pb.1)
• estimation tracking of substrate accumulation (Pb.2)
• Multiple biological based gate activation robustness (one can choose how many gate components to use)

• Disadvantages:
• Some additional tuning parameters
• Additional noise could destabilize the filter in presence of other unknown factors

• Need for validation on more experiments
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